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 1.1  Functions and Their Graphs 5

whose graph is given in Figure 1.8. The right-hand side of the equation means that the 

function equals x if x Ú 0, and equals -x if x 6 0. Piecewise-defined functions often 
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Algebraic Functions Any function constructed from polynomials using algebraic oper-

ations (addition, subtraction, multiplication, division, and taking roots) lies within the 

class of algebraic functions. All rational functions are algebraic, but also included are 

more complicated functions (such as those satisfying an equation like y3 - 9xy + x3 = 0, 

studied in Section 3.7). Figure 1.20 displays the graphs of three algebraic functions.

(a)



 1.1    





 1.1  Functions and Their Graphs 13

 70. a. y = 5x    b. y = 5x    c. y = x5
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EXAMPLE 2  If ƒ(x) = 2x and g(x) = x + 1, find

(a) (ƒ ∘ g)(x)  (b) (g

ƒ)(x)

  (a) 
(ƒ ∘ g)(x) = ƒ(g(x=2x+



 1.2  Combining Functions; Shifting and Scaling Graphs 17

EXAMPLE 4  Here we scale and reflect the graph of y = 2x.

(a) Vertical: Multiplying the right-hand side of y = 2x by 3 to get y = 3
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EXAMPLE 5  Given the function ƒ(x) = x4 - 4x3 + 10 (Figure 1.35a), find formu-

las to

(a) compress the graph horizontally by a factor of 2 followed by a reflection across the 

y-axis (Figure 1.35b).

(b) compress the graph vertically by a factor of 2 followed by a reflection across the x-axis 

(Figure 1.35c).
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 39. 

 







 1.3  Trigonometric Functions 
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Periodicity and Graphs of the Trigonometric Functions









28



 1.4  Graphing with Software
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on both axes are the same. This term does not mean that the display window itself is 

square (usually it is rectangular), but instead it means that the x-unit is the same length as 

the y-unit.

When a graph is displayed in the default mode, the x-unit may differ from the y-unit 

of scaling in order to capture essential features of the graph. This difference in scaling can 

cause visual distortions that may lead to erroneous interpretations of the function’s behav-
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 Chapter 1  Questions to Guide Your Review 33

Choosing a Viewing Window









 Chapter 1  Technology Application Projects 37

Mathematica/Maple Projects

Projects can be found within MyMathLab.

• An Overview of Mathematica

An overview of Mathematica su�cient to complete the Mathematica



http://www.goo.gl/QFpvlO
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 2.1  Rates of Change and Tangent Lines to Curves 41

To define tangency for general curves, we use an approach that analyzes the behavior 

of the secant lines that pass through P and nearby points Q as Q moves toward P along the 

http://www.goo.gl/1YO4DR
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 2.1  Rates of Change and Tangent Lines to Curves 43

t



44 Chapter 2 Limits and Continuity

 16.



 2.2  Limit of a Function and Limit Laws 45

2.2 Limit of a Function and Limit Laws

In Section 2.1 we saw how limits arise when finding the instantaneous rate of change of a 

function or the tangent line to a curve. We begin this section by presenting an informal 

definition of the limit of a function. We then describe laws that capture the behavior of 

limits. These laws enable us to quickly compute limits for a variety of functions, including 

polynomials and rational functions. We present the precise definition of a limit in the next 

section.

Limits of Function Values

Frequently when studying a function y = ƒ(x), we find ourselves interested in the func-

tion’s behavior near a particular point c, but not at c itself. An important example occurs 

when the process of trying to evaluate a function at c leads to division by zero, which is 

undefined. We encountered this when seeking the instantaneous rate of change in y by 

considering the quotient function ∆y>h for h closer and closer to zero. In the next example 

we explore numerically how a function behaves near a particular point at which we cannot 

directly evaluate the function.

EXAMPLE 1  How does the function

ƒh

(x )xxƒhx ?rn

http://www.goo.gl/5V45iK
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 2.2  Limit of a Function and Limit Laws 47

(b) If ƒ is the constant function ƒ(x) = k (function with the constant value k), then for 

any value of c (Figure 2.9b),

lim
xSc

 ƒ(x) = lim
xSc

 k = k.

For instances of each of these rules we have

lim
xS3

 x = 3
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(c)
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denominator may reduce the fraction to one whose denominator is no longer zero at c. If 

this happens, we can find the limit by substitution in the simplified fraction.

EXAMPLE 7  Evaluate

lim
xS1

 
x2 + x - 2

x2







 2.2  Limit of a Function and Limit Laws 53

Limits from Graphs

 1. For the function g(x) graphed here, find the following limits or 

explain why they do not exist.

a. lim
xS
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 2.3  The Precise Definition of a Limit 





 2.3  The Precise Definition of a Limit 59

We find d by working backward from the e@inequality:

 0 (5x - 3) - 2 0 = 0 5x - 5
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  The inequality holds for all x in the open interval (2, 10), so it holds for all x ≠ 5 in 

this interval as well.

 2. Find a value of d 7 0 to place the centered interval 



smaller) of the two numbers 
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 2.3  The Precise Definition of a Limit 
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 57. Let ƒ(
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EXAMPLE 6



 2.4  One-Sided Limits 71

 3.



72
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THEOREM 9—Compositions of Continuous Functions

If ƒ is continuous at c and g



 2.5  Continuity 77
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 2.6  Limits Involving Infinity; Asymptotes of Graphs 83

 48. Explain why the equation cos x = x

948.  x =



84



 2.6  Limits Involving Infinity; Asymptotes of Graphs
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DEFINITION A line y = b is a horizontal asymptote















 2.6  Limits Involving Infinity; Asymptotes of Graphs 93

Dominant Terms
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 12.
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In Exercises 25–28, find the limit of g(x) as x approaches the indicated 

value.

 25. lim
xS0+  (4g(x



 Chapter 2  Additional and Advanced Exercises 99

water’s depth x. The constant depends on the size and shape of the 

exit valve.
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b. Show that ƒ is continuous at every irrational number in 30, 14 . (Hint: If e is a given positive number, show that there 

are only finitely many rational numbers r in 30, 14  such that 
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b. 

http://www.goo.gl/llNWop
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 3.2  The Derivative as a Function 113

c. Estimate the rate of change of home prices at the beginning of

 i. 2007  ii. 2010  iii. 2014

d. During what year did home prices drop most rapidly and 

e. During what year did home prices rise most rapidly and what 

f. Use the graphical technique of Example 3 to graph the 

 derivative of home price P versus time t.

a. Use the graphical technique of Example 3 to graph the 

derivative of the fruit fly population. The graph of the popula-
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http://www.goo.gl/PXiQtT
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The Power Rule is actually valid for all real numbers n







 3.3  Differentiation Rules 





 3.3  Differentiation Rules 121

Second- and Higher-Order Derivatives

If y = ƒ(x) is a differentiable function, then its derivative ƒ′(x) is also a function. If ƒ′ is 

also differentiable, then we can differentiate ƒ′ to get a new function of x denoted by ƒ″. 

So ƒ″ = (ƒ′
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 43. Find the tangent lines to Newton’s serpentine (graphed here) at the 
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 3.4  The Derivative as a Rate of Change 125

and the average velocity of the object over that time interval is



126

http://www.goo.gl/fDTR2a
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The velocity is zero when

160 - 32t = 0  or  t =



 3.4  The Derivative as a Rate of Change 129

Sometimes the marginal cost of production is loosely defined to be the extra cost of 

producing one additional unit:

∆c

∆x
=

c(x + 1) - c(x)

1
,

which is approximated by the value of dc>dx at x. This approximation is acceptable if the 

slope of the graph of c does not change quickly near x. Then the difference quotient will  

be close to its limit dc>dx, which is the rise in the tangent line if ∆x = 1 (Figure 3.19). 

The approximation often works well for large values of x.

Economists often represent a total cost function by a cubic polynomial

c(x) = ax3 + bx2 + gx + d

where d represents fixed costs, such as rent, heat, equipment capitalization, and manage-

ment costs. The other terms represent variable costs, such as the costs of raw materials, 

taxes, and labor. Fixed costs are independent of the number of units produced, whereas 

variable costs depend on the quantity produced. A cubic polynomial is usually adequate to 

capture the cost behavior on a realistic quantity interval.

EXAMPLE 5  Suppose that it costs

c(x) = x3 - 6x2 + 15x

dollars to produce x





 3.4  The Derivative as a Rate of Change 131

0

−3

2 4

3

6 8 10

y (m/sec)



132 Chapter 3 Derivatives

a. How long did it take the balls to fall the first 160 cm? What 

was their average velocity for the period?

b. How fast were the balls falling when they reached the 160-cm 

mark? What was their acceleration then?

c. About how fast was the light flashing (flashes per second)?

 20. 



 





 3.5  Derivatives of Trigonometric Functions 135

(b) y = x2 
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The di�erentiability of the trigonometric functions throughout their domains implies 

their continuity at every point in their domains (Theorem 1, Section 3.2). So we can calcu-

late limits of algebraic combinations and compositions of trigonometric functions by direct 

substitution.

Derivatives

In Exercises 1–18, find 
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 69. Slopes on the graph of the tangent function Graph y = tan x 

and its derivative together on (-p>2, p>2). Does the graph of the 

tangent function appear to have a smallest slope? A largest slope? 

Is the slope ever negative? Give reasons for your answers.

 70. Slopes on the graph of the cotangent function Graph 
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A Proof of One Case of the Chain Rule:  

Let ∆u



http://www.goo.gl/Y2KSo4




 3.6  The Chain Rule 145

Derivative Calculations

In Exercises 1–8, given y = ƒ(u) and u = g(x), find dy>dx =

dy>dx = ƒ′(g(x))g(x),
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 76. Suppose that the functions ƒ and g and their derivatives with 
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COMPUTER EXPLORATIONS

Trigonometric Polynomials

 100. As the accompanying figure shows, the trigonometric “polyno-

mial”

 s = ƒ(t) = 0.78540 - 0.63662 cos 2t - 0.07074 cos 6t

 -  0.02546 cos 10



 3.7  Implicit Differentiation 149

EXAMPLE 1  Find dy>dx if y2 = x.

Solution The equation y2 = x defines two differentiable functions of x that we can actu-

ally find, namely y1 = 2x y22x 2x
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Implicit D







 3.8  Related Rates 153

In Exercises 53 and 54, find both dy>dx (treating y as a differentiable 

function of x) and dx>dy (treating x as a differentiable function of y). 

How do dy>dx and dx>dy seem to be related? Explain the relationship 

geometrically in terms of the graphs.

 53. xy3 + x2y = 6m BT
/R771 9.043.20 1 585.002 784.148 Tm
( )Tj
/68n
0 0 0 1 k0 Tw
(geome4rically in terms of the graphs.)Tj
/R571 9.00002 Tf
14.0045 7000028.02 T()2(53.)771 9.00002 Tf
3.99551 0 Td
() and )Tj
ET
Q
Q
q
4359.72 7223.35 224.477 99..129 re 68n
0 0 0 1R575 9.00002 Tf
1 0 0 1 406.9953995045 T90 0 1 391.757 700.218 Tm
[(x)3.05173(y)]T
9.=)T68n
0 0 0 1R
1 0 0 1 399.873 703.368 Tm
(3)Tj
/Ry75 9.00002 Tf
1 0 0 1 406.995 BT
5825 T90 0 1 3912757 700.218 Tm
[(x)3.05173(y)]
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EXAMPLE 1
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EXAMPLE 6  Figure 3.38a shows a rope running through a pulley at P and bearing a 

weight W at one end. The other end is held 5 ft above the ground in the hand M of a 

worker. Suppose the pulley is 25 ft above ground, the rope is 45 ft long, and the worker is 

walking rapidly away from the vertical line PW at the rate of 4 ft>sec.
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 11.
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b. At what rate is the angle u changing at this instant (see the figure)?
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c. The player slides into second base at the rate of 15 ft>sec. 

At what rates are angles u1 and u



 3.9  Linearization and Differentials 163

EXAMPLE 1  Find the linearization of ƒ(x) = 21 + x at x = 0 (Figure 3.41).

4

0
3−









 3.9  Linearization and Differentials 167

Estimating with Differentials

Suppose we know the value of a differentiable function ƒ(x) at a point a and want to esti-

mate how much this value will change if we move to a nearby point a + dx. If dx = ∆x is 

∆

dya

ƒ(a + dx

) ƒ(a) + ∆

tx
�



168



 3.9  Linearization and Differentials 169

Change in y = ƒ(x) near x = a 

If y = ƒ(x) is differentiable at x = a and x changes from a to a + ∆x, the 

change ∆y in ƒ is given by

 ∆y = ƒ′(a) ∆x + e ∆x (1)

in which e S
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to obtain

m
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 1. What is the derivative of a function ƒ? How is its domain related 

to the domain of ƒ? Give examples.

 2. What role does the derivative play in defining slopes, tangent 

lines, and rates of change?

 3. How can you sometimes graph the derivative of a function when 

all you have is a table of the function’s values?

 4. What does it mean for a function to be di�erentiable on an open 

interval? On a closed interval?

 5. How are derivatives and one-sided derivatives related?

 6. Describe geometrically when a function typically does not have a 

derivative at a point.

 7. How is a function’s di�erentiability at a point related to its conti-

nuity there, if at all?

 8. What rules do you know for calculating derivatives? Give some 
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Analyzing Graphs

Each of the figures in Exercises 89 and 90 shows two graphs, the graph 

of a function y
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 Chapter 3  Additional and Advanced Exercises 179

 122. Controlling error

a. How accurately should you measure the edge of a cube to be 

reasonably sure of calculating the cube’s surface area with 

an error of no more than 2%?

b. Suppose that the edge is measured with the accuracy 

required in part (a). About how accurately can the cube’s 

volume be calculated from the edge measurement? To find 

out, estimate the percentage error in the volume calculation 

that might result from using the edge measurement.

 123. Compounding error The circumference of the equator of a 

sphere is measured as 10 cm with a possible error of 0.4 cm. 

This measurement is used to calculate the radius. The radius is 

then used to calculate the surface area and volume of the sphere. 

Estimate the percentage errors in the calculated values of

a. the radius. b. the surface area.

c.
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 28.



www.pearsonhighered.com/Thomas
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Functions defined by the same equation or formula can have different extrema (maxi-

mum or minimum values), depending on the domain. A function might not have a maxi-

mum or minimum if the domain is unbounded or fails to contain an endpoint. We see this 

in the following example.

EXAMPLE 1  The absolute extrema of the following functions on their domains can 

be seen in Figure 4.2. Each function has the same defining equation, y = x2, but the 

domains vary. 

http://www.goo.gl/JYed9O
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Solution The function is differentiable on its entire domain, so the only critical points 



 4.1  Extreme Values of Functions on Closed Intervals 189

In Exercises 15–20, sketch the graph of each function and determine 

whether the function has any absolute extreme values on its domain. 

Explain how your answer is consistent with Theorem 1.

 15. ƒ(x) = 0 x 0 , -1 6 x 6 2

 16. y =
6
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values at critical points and endpoints. But what if there are no 



http://www.goo.gl/BfgcNr
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EXAMPLE 1  Show that the equation

x3 + 3x + 1 = 0

has exactly one real solution.

Solution We define the continuous function

ƒ(x) = x3 + 3x + 1.

Since ƒ(-1) = -3 and ƒ(0) = 1, the Intermediate Value Theorem tells us that the graph 

of ƒ crosses the x-axis somewhere in the open interval (-1, 0). (See Figure 4.12.) Now, if 

there were even two points x = a and x = b where ƒ(x) was zero, Rolle’s Theorem 

would guarantee the existence of a point x = c in between them where 

http://www.goo.gl/WLub9z
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Proof  At each point x∊(a, b) the derivative of the di�erence function h =



 4.2  The Mean Value Theorem 195

We know that s(t) is some function whose derivative is 9.8t. We also know that the 

derivative of ƒ(t) = 4.9t2 is 9.8t. By Corollary 2,

s(t) = 4.9t2 + C

for some constant C. Since 
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Applications

 49. Temperature change It took 14 sec for a mercury thermometer 

to rise from -19°C to 
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EXAMPLE 1  Find the critical points of ƒ(x) = x3 - 12x - 5

http://www.goo.gl/KPGR2w
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 4.3  Monotonic Functions and the First Derivative Test 201
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 66. Sketch the graph of a di�erentiable function y



 4.4  Concavity and Curve Sketching 203

DEFINITION The graph of a differentiable function y = ƒ(x) is

(a) concave up on an open interval I if ƒ′ is increasing on I;

(b) concave down on an open interval I if ƒ′ is decreasing on I.

A function whose graph is concave up is also often called 
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At a point of inflection (c, ƒ(c))



 4.4  Concavity and Curve Sketching 205

Caution Example 4 in Section 4.1 (Figure 4.9) shows that the function ƒ(x) = x2>3 does 

not have a second derivative at x = 0 and does not have a point of inflection there (there is 

no change in concavity at x = 0). Combined with the behavior of the function in Example 

6 above, we see that when the second derivative does not exist at x = c





 4.4  Concavity and Curve Sketching 207

(a) Using the First Derivative Test for local extrema and the table above, we see that there 

is no extremum at x = 0 and a local minimum at x = 3.

ba)
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 4.5  Applied Optimization 215
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Since A is di�erentiable on r 7 0, an interval with no endpoints, it can have a mini-
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Of the two zeros, x = 22 and 

http://www.goo.gl/yEeoAi
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 continuous functions (Section 2.5), there is a point x0∊ 30, d4  where 
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Mathematical Applications

Whenever you are maximizing or minimizing a function of a single 

variable, we urge you to graph it over the domain that is appropriate to 

the problem you are solving. The graph will provide insight before 

you calculate and will furnish a visual context for understanding your 

answer.

 1. Minimizing perimeter What is the smallest perimeter possible 

for a rectangle whose area is 16 in2, and what are its dimensions?

 2. Show that among all rectangles with an 8-m perimeter, the one 
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a. Write a formula V(x) for the volume of the box.

b. Find the domain of V for the problem situation and graph V 

over this domain.

c. Use a graphical method to find the maximum volume and the 

value of x that gives it.

d. Confirm your result in part (c) analytically.

e. Find a value of x that yields a volume of 1120 in3.

f. Write a paragraph describing the issues that arise in part (b).
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b. What value of x minimizes L







 4.5  Applied Optimization 225
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x
a c b
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improve this estimate. That is, start with x0 = 1.5 and find x1. 
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Solution We need to think backward here: What function do we know has a derivative 

equal to the given function?

(a) F



 4.7  Antiderivatives 233

TABLE 4.2  Antiderivative formulas, k a nonzero constant

Function General antiderivative

 1. xn 1
n + 1

 xn+ 1
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Indefinite Integrals

A special symbol is used to denote the collection of all antiderivatives of a function ƒ.

DEFINITION The collection of all antiderivatives of ƒ is called the indefinite 

integral of ƒ with respect to x, and is denoted by

Lƒ(x) dx.

The symbol 
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b. 



 4.7  Antiderivatives 239

 88. 
d3 u

dt3
= 0; u″(0) = -2, u′(0) = -  

1
2

, u(0) = 22

 89. y(4) = -sin t + cos t ;

y‴(0) = 7, y″(0) = y′(0) = -1, y(0) = 0

 90. y(4) = -cos x +
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 104. Stopping a motorcycle The State of Illinois Cycle Rider 

Safety Program requires motorcycle riders to be able to brake 

from 30 mph 



 Chapter 4  Practice Exercises 241

  on an interval I, must F(x)
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 20. (Continuation of Exercise 19.)

a. Graph ƒ(x) = (x8>8) -
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 43. y′ = 16 - x
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 5.1  Area and Estimating with Finite Sums 249

Unfortunately, there is no simple geometric formula for calculating the areas of general 

shapes having curved boundaries like the region R. How, then, can we find the area of R?

While we do not yet have a method for determining the exact area of R, we can 

approximate it in a simple way. Figure 5.2a shows two rectangles that together contain the 

region R. Each rectangle has width 1>2 and they have heights 1 and 3>4 (left to right). 
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Considering both lower and upper sum approximations gives us estimates for the area 

and a bound on the size of the possible error in these estimates, since the true value of the 

area lies somewhere between them. Here the error cannot be greater than the difference 

0.78125 - 0.53125 = 0.25.

Yet another estimate can be obtained by using rectangles whose heights are the values 

of ƒ at the midpoints of the bases of the rectangles (Figure 5.3b). This method of estima-

tion is called the midpoint rule
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Distance Traveled

Suppose we know the velocity function y(t) of a car that moves straight down a 

 highway without changing direction, and we want to know how far it traveled between 

times t = a
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Displacement Versus Distance Traveled

If an object with position function s(t) moves along a coordinate line without changing 
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144 ft, ending at a height of 256 ft at time 







 5.1  Area and Estimating with Finite Sums 257







http://www.goo.gl/LZMPlA
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We write this in sigma notation and simplify,

 

http://www.goo.gl/hPFV65
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 32. a. a
n

k= 1

a1
n + 2nb  b. a

n

k= 1

c
n c. a

n

k= 1

 
k

n2

 33. a
50

k= 1

3(k + 1)2 - k24  34. a
20

k= 2

3sin (k - 1) - sin k4
 35. a

30

k= 7

12k - 4
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sums approach a limiting value J. We introduce the symbol e as a small positive number 

that specifies how close to J the Riemann sum must be, and the symbol d as a second 

small positive number that specifies how small the norm of a partition must be in order for 

convergence to happen. We now define this limit precisely.

DEFINITION Let ƒ(x) be a function defined on a closed interval 3a, b4 . We 

say that a number J is the definite integral of ƒ over 



 5.3  The Definite Integral 
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with xk - xk- 1
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Proof of Rule 6  Rule 6 says that the integral of ƒ over 3a, b4  is never smaller than 

the minimum value of ƒ times the length of the interval and never larger than the maximum 

value of ƒ times the length of the interval. The reason is  that for every partition of 

3 a, 4
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EXAMPLE 2  To illustrate some of the rules, we suppose that

 L
1

-1

ƒ(x) dx = 5,  L
4

1

ƒ(x) dx
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Solution The region of interest is a triangle (Figure 5.12). We compute the area in two 

ways.

(a) To compute the definite integral as the limit of Riemann sums, we calculate 

lim 0 0P 0 0S0 g
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EXAMPLE 5  Find the average value of ƒ(x) = 2
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http://www.goo.gl/qoKepF


 







282



 5.4  The Fundamental Theorem of Calculus 283

(b)   L
0

-p> 
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Total Area
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Solution

(a) The definite integral for ƒ(x) = sin x is given by

  L
2p

0

 sin x dx = -cos x d
0

2p

= - 3cos 2p - cos 04 = - 31 - 14 = 0.

The definite integral is zero because the portions of the graph above and below the  

x-axis make canceling contributions.

(b) The area between the graph of ƒ(x) and the x-axis over 30, 2p4  is calculated by 

breaking up the domain of sin x into two pieces: the interval 30, p4  over which it is 

nonnegative and the interval 
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Evaluating Integrals

Evaluate the integrals in Exercises 1–28.

 1.  L
2

0

 x(x - 3) dx 2.  L
1

-1

 (x2 - 2x + 3) dx

 3.  L
2

-2

 
3

(x
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 64. Revenue from marginal revenue Suppose that a company’s 

marginal revenue from the manufacture and sale of eggbeaters is

dr

dx
= 2 - 2>(x + 1)2,

  where 
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EXAMPLE 2  Find  L  
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 5.5  Indefinite Integrals and the Substitution Method 293

This observation immediately suggests we try a substitution for the higher power of x. 

This situation occurs in the following integration.

   Lx2 cos x3 dx = L  cos x3 # x2 dx

  = L  cos u #  

http://www.goo.gl/0YjM2t
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EXAMPLE 1  Evaluate  L
1

-1

 3x22x3 + 1
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THEOREM 8 Let ƒ be continuous on the symmetric interval 3-a, a4 .

(a) If ƒ is even, then  



 5.6
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EXAMPLE 4  Find the area of the region enclosed by the parabola 



 5.6  Definite Integral Substitutions and the Area Between Curves 301

(++)++* (+++++)+++++* 

 area of A
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Evaluating Definite Integrals
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 78. Find the area of the region in the first quadrant bounded on the 

left by the y-axis, below by the curve x = 22y, above left by the 
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  The equation holds whenever ƒ







 Chapter 5
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Theory and Examples

 1. a. If  L
1

0

70
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To prove the rule, let F be an antiderivative of ƒ on 3a, b4 . Then

 L
y(x)

u(x)

ƒ(t) dt = F(y(x))



 Chapter 5  Technologvopplication Projects  



314

6.1 Volumes Using Cross-Sections

In this section we define volumes of solids by using the areas of their cross-sections. A 

cross-section of a solid S is the planar region formed by intersecting S with a plane  
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cylindrical solid has a base whose area is A and its height is h, then the volume of the 

cylindrical solid is

Volume = area * height = A # h.

In the method of slicing, the base will be the cross-section of S that has area A(x), and the 

height will correspond to the width ∆xk of subintervals formed by partitioning the interval 3a, b4  into finitely many subintervals 3x
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Solution

1.  A sketch. We draw the pyramid with its altitude along the x

http://www.goo.gl/kPgDdQ
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Therefore, the volume is

 V = L
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Solution
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 11. Find the volume of the given right tetrahedron. (Hint: Consider 

slices perpendicular to one of the labeled edges.)

3

4

5

y

x

 12. Find the volume of the given pyramid, which has a square base of 

area 9 and height 5.

3

5

3

y

 12. 
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Find the volumes of the solids generated by revolving the regions 

bounded by the lines and curves in Exercises 21–26 about the 

x-axis.

 21. y = x2, y = 0, x = 2 22. y = x3, y = 0, x = 2

 23. y = 29 - x2, y = 0 24. y = x - x2, y = 0

 25. y = 2cos x, 0 … x … p>2, y = 0, x = 0

 26. y = sec x, y = 0, x = -p>4, x = p>4

In Exercises 27 and 28, find the volume of the solid generated by 

revolving the region about the given line.

 27. The region in the first quadrant bounded above by the line 

y = 22, below by the curve y = sec x tan x, and on the left by 

the y-axis, about the line y = 22

 28. The region in the first quadrant bounded above by the line y = 2, 

below by the curve y = 2 sin x, 0 … x … p>2, and on the left by 

the y-axis, about the line y = 2

Find the volumes of the solids generated by revolving the regions 

bounded by the lines and curves in Exercises 29–34 about the 

y-axis.





 6.2  Volumes Using Cylindrical Shells 
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another cylindrical slice around the enlarged hole, then another, and so on, obtaining n 

cylinders. The radii of the cylinders gradually increase, and the heights of the cylinders 

follow the contour of the parabola: shorter to taller, then back to shorter (Figure 6.16a). 

The sum of the volumes of the shells is a Riemann sum that approximates the volume of 

the entire solid.
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The shell thickness variable is x, so the limits of integration for the shell formula are 

a = 0 and b = 4 (Figure 6.20). The volume is

 V = L
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The shell method gives the same answer as the washer method when both are used to 

calculate the volume of a region. We do not prove that result here, but it is illustrated in 

Exercises 37 and 38. Both volume formulas are actually special cases of a general volume 

formula we will look at when studying double and triple integrals in Chapter 15. That 

 general formula also allows for computing volumes of solids other than those swept out by 

regions of revolution.

Summary of the Shell Method

Regardless of the position of the axis of revolution (horizontal or vertical), the 

steps for implementing the shell method are these.

1. Draw the region and sketch a line segment across it 
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y = x + 2,  y=  +  y =

+





 6.3  Arc Length 333

6.3 Arc Length

We know what is meant by the length of a straight-line segment, but without calculus, we 

have no precise definition of the length of a general winding curve. If the curve is  

the graph of a continuous function defined over an interval, then we can find the length of 
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so

 1
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 6.5  Work and Fluid Forces 345

The units of the integral ae Wjoules if F  is in newtons and x
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c. How long will it take the pump in part (b) to empty the tank 

halfway? (It will be less than half the time required to empty 

the tank completely.)

d. The weight of water
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Thin, Flat Plates

In many applications, we need to find the center of mass of a thin, flat plate: a disk of alu-

minum, say, or a triangular sheet of steel. In such cases, we assume the distribution of 

mass to be continuous, and the formulas we use to calculate x and y
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Then from Equations (6) and (7) we get

 x =
56
9

 L
1

0

 x2 # x a2x -
x

2
b  dx

 =
56
9

 L
1

0

 ax7>2 -
x4

2
b  dx

 =
56
9
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xy1
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The proof we give assumes that we can model the axis of revolution as the x-axis and the 

arc as the graph of a continuously differentiable function of x.

Proof  We draw the axis of revolution as the x-axis with the arc extending from 
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 24. The region between the curve y = 2>x and the x-axis from x = 1 

to x = 4 is revolved about the x-axis to generate a solid.

a. Find the volume of the solid.
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 9. How do you locate the center of mass of a thin flat plate of mate-

rial? Give an example.

 10. How do you locate the center of mass of a thin plate bounded by 

two curves y = ƒ(x) and y = g(x) over a … x … b?

 6. How do you define and calculate the work done by a variable force 

directed along a portion of the x-axis? How do you calculate the 

work it takes to pump a liquid from a tank? Give examples.

 7. How do you calculate the force exerted by a liquid against a por-

tion of a flat vertical wall? Give an example.

 8. What is a center of mass? a centroid?

Volumes

Find the volumes of the solids in Exercises 1–18. What is a center of mass? a centroid?
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 32. Pumping a reservoir (Continuation of Exercise 31.) The reser-

voir is filled to a depth of 5 ft, and the water is to be pumped to the 

same level as the top. How much work does it take?
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 45. Force on a parabolic gate A flat vertical gate in the face of a 

dam is shaped like the parabolic region between the curve 
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 7.1  Inverse Functions and Their Derivatives 371

EXAMPLE 1
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EXAMPLE 3  Find the inverse of y =
1
2

 x + 1, expressed as a function of x.

Solution

 1. 
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Derivatives of Inverses of Differentiable Functions

We calculated the inverse of the function 
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 7.1  Inverse Functions and Their Derivatives 377

Derivatives of Inverse Functions

Each of Exercises 25–34 gives a formula for a function y = ƒ(x). In 

each case, find ƒ -1(x)





 7.2  Natural Logarithms 379

From the Fundamental Theorem of Calculus, ln x is a continuous function. Geometri-

cally, if x 7 1, then ln x is the area under the curve y = 1>t from t = 1 to t = x 

(Figure 7.8). For 0 6 x 6 1, ln x gives the negative of the area under the curve from x to 1, 

and the function is not defined for 
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Interpreted geometrically, the number e corresponds to the point on the x-axis for 
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Properties of Logarithms

Logarithms, invented by John Napier, were the single most important improvement in 

arithmetic calculation before the modern electronic computer. The properties of loga-

rithms reduce multiplication of positive numbers to addition of their logarithms, division 

of positive numbers to subtraction of their logarithms, and exponentiation of a number to 

multiplication of its logarithm by the exponent.

THEOREM 2—Algebraic Properties of the Natural Logarithm

For any numbers 

http://www.goo.gl/BvG0ua
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Equation (3) applies anywhere on the domain of 1>u, which is the set of points where 

u ≠ 0. It says that integrals that have the form  Ldu>u lead to logarithms. Whenever 

u = ƒ(

 383
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In summary, we have the following results.

Integrals of the tangent, cotangent, secant, and cosecant functions

 L
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 84. a. 



 7.3  Exponential Functions 387

The number e was defined to satisfy the equation ln (e) = 1, so e = exp (1). We can 

raise the number e to a rational power r in the usual algebraic way:

e2 = e # e,  e-2 =
1

e2
,  e1>2 = 2e

1e 11
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EXAMPLE 4

(a) 



390 Chapter 7 Transcendental Functions 

Thus, exponentiating each side,

  y = erx1. eln 
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Proof  If ƒ(x)



 7.3  Exponential Functions 393

EXAMPLE 6  We find derivatives and integrals using Equations (3) and (4).

(a) 
d

dx
 3x = 3x ln 3 Eq. (3) with 
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 49.  L e









 7.4  Exponential Change and Separable Differential Equations 399
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EXAMPLE 3
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Radioactivity

Some atoms are unstable and can spontaneously emit mass or radiation. This process is 

called radioactive decay, and an element whose atoms go spontaneously through this 

process is called radioactive. Sometimes when an atom emits some of its mass through 

this process of radioactivity, the remainder of the atom re-forms to make an atom of some 

new element. For example, radioactive carbon-14 decays into nitrogen; radium, through a 

number of intermediate radioactive steps, decays into lead.

Experiments have shown that at any given time the rate at which a radioactive element 

decays (as measured by the number of nuclei that change per unit time) is approximately 

proportional to the number of radioactive nuclei present. Thus, the decay of a radioactive 

element is described by the equation dy>dt = -ky , k 7 0. It is conventional to use 

-k , with k 7 0, to emphasize that y is decreasing. If y0 is the number of radioactive 
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EXAMPLE 6  A hard-boiled egg at 98°C is put in a sink of 18°C water. After 5 min, 

the egg’s temperature is 38°C. Assuming that the water has not warmed appreciably, how 

much longer will it take the egg to reach 20°C?

Solution We find how long it would take the egg to cool from 98°C to 
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Separable Differential Equations

Solve the differential equations in Exercises 9–22.

 9. 
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 34. The U.S. population The U.S. Census Bureau keeps a running 

clock totaling the U.S. population. On September 20, 2012, the 

total was increasing at the rate of 1 person every 12 sec. The popu-

lation figure for 8:11 p.m. EST on that day was 314,419,198.

a. Assuming exponential growth at a constant rate, find the rate 

constant for the population’s growth (people per 365-day year).

b. At this rate, what will the U.S. population be at 8:11 p.m. EST 

on September 20, 2019?

 35. Oil depletion 



 7.5  

http://www.goo.gl/nMJIKA
http://www.goo.gl/70BgHS
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 7.5  Indeterminate Forms and L’Hôpital’s Rule 409

(d) lim
xS0

 
x -
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EXAMPLE 6  Find the limit of this 
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http://www.goo.gl/0RQbxf
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Finding Limits in Two Ways

In Exercises 1–6, use l’Hôpital’s Rule to evaluate the limit. Then 

evaluate the limit using a method studied in Chapter 2.

 1. lim
xS-2

 
x + 2

x2 - 4
 2. lim

xS0
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Since these restricted functions are now one-to-one, they have inverses, which we 

denote by

 



 7.6  Inverse Trigonometric Functions 417

EXAMPLE 1  Evaluate (a) arcsin a23
2
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(b) We have

arccos a-
1
2
b =

2p
3

 because cos (2p>3) = -1>2 and 2p>3 belongs to the range 30, p4  of the arccosine 

function. See Figure 7.25b. 
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DEFINITIONS

y = arctan x 
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d

dx
  (arctan u) =

1

1 + u2
  
du

dx
.

EXAMPLE 4  Using the Chain Rule, we calculate the derivative
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EXAMPLE 7  Evaluate

(a)  L
dx

24x - x2
    (b)  L

dx

4x2 + 4x + 2

Solution

(a) The expression 24x - x2
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 7.6  Inverse Trigonometric Functions 427

  to derive the formula for the derivative of cot-1 u in Table 7.3 

from the formula for the derivative of tan-1 u.

 125. What is special about the functions

ƒ(x) = sin-1
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 139. Graph ƒ(x) = sin-1 x together with its first two derivatives. 

 Comment on the behavior of ƒ and the shape of its graph in 

 relation to the signs and values of ƒ′ and ƒ″.

 140. Graph ƒ(x) = tan-1 x together with its first two derivatives. Com-

ment on the behavior of ƒ
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Hyperbolic functions satisfy the identities in Table 7.6. Except for differences in sign, 

these resemble identities we know for the trigonometric functions. The identities are 

proved directly from the definitions, as we show here for the second one:

 2 sinh x cosh x = 2aex - e-x

2
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EXAMPLE 3  Evaluate

 L
1

0

 
2 dx

 

http://www.goo.gl/6TLoDz
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 7.8  Relative Rates of Growth 437



438
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Finding Derivatives

In Exercises 1–24, find the derivative of y with respect to the appropri-

ate variable.

 1. 
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8.1



448



 8.1  Using Basic Integration Formulas 449

EXAMPLE 3  Evaluate the integral













 8.2  Integration by Parts 455

EXAMPLE 3  Evaluate
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Then
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Theory and Examples

 57. Finding area 
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The idea is to take the most complicated part of the integral, in this case 

ƒ -1(x), and simplify it first. For the integral of ln x, we get

  



 8.3  Trigonometric Integrals 461

Here are some examples illustrating each case.
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EXAMPLE 3



 8.3  Trigonometric Integrals 463

Therefore,
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Then

 L









468



 8.4  Trigonometric Substitutions          
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 8.5  Integration of Rational Functions by Partial Fractions 473

Solution Note that each of the factors (x - 1), (x + 1), and (x + 3) is raised only to 

the first power. Therefore, the partial fraction decomposition has the form

x2 + 4x + 1

 is raised only to 



474
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We substitute these values into Equation (2), obtaining

-2x + 4

(x2 + 1)(x - 1)2
=

2x + 1

x2 + 1
-

2
x - 1

+
1

(x - 1)2
.

http://www.goo.gl/5rnavZ
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EXAMPLE 6  Find A, B, and C in the partial fraction expansion

 
x2 + 1

(x - 1)(x - 2)(x - 3)
=

=x -===x -==

x - =
33(�)Tj
ET
Q
/R455 gs
0 1 0.699219 0 k
q
9.84894 0 0 9.84894 0 0 cm BT
/R959.7550002 Tf 1 0 0 1 2469522.362 TmSoluratio6
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 62.  L
2

x
 (ln x -2)

3

 



 8.6  Integral Tables and Computer Algebra Systems 479

   Suppose t is in days, 
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EXAMPLE 2
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Maple will return the expression

1
64

 p(4a2 + p2)(3>
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Evaluate the integrals in Exercises 51–56 by making a substitution 

(possibly trigonometric) and then applying a reduction formula.

 51.  Let
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where yi - 1 = ƒ(xi - 1)





488 Chapter 8 Techniques of Integration

Hence, expressing the area Ap in terms of the ordinates y0, y1, and y2, we have

Ap =
h
3

 (2Ah2 + 6C  ) =
h
3

 ((y0 + y2

http://www.goo.gl/idqvuc
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  is one of the many functions in engineering whose formulas can-

not be simplified. There is no elementary formula for the antide-

rivative of (sin t)
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  turns out to be

Length =
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The choice of c

http://www.goo.gl/QGwXLL
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 8.8  
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To obtain a numerical result, use the evaluation command evalf and specify the num-

ber of digits as follows:

7 evalf(,, 6);

The symbol % instructs the computer to evaluate the last expression on the screen, in this 

case (
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Proof  

http://www.goo.gl/3RH2rO
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We omit the proof of Theorem 3, which is similar to that of Theorem 2.
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 82. The infinite paint can or Gabriel’s horn As Example 3 shows, 

the integral 1q
1

(dx>x) diverges. This means that the integral

 L
q

1

2p 
1
xA1 +

1

x4
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Expected Values, Means, and Medians

Suppose the weight in lbs of a steer raised on a cattle ranch is described by a continuous 

random variable W  with probability density function ƒ(w) and that the rancher can sell a 

steer of weight w for g (w) dollars. How much can the rancher expect to earn for a ran-

domly chosen steer on the ranch?
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From the result in Example 6, knowing the mean or expected value m of a random 

variable X having an exponential density function allows us to write its entire formula.

Exponential Density Function for a Random Variable X with Mean M

ƒ(x  ) = e 0    





 8.9  Probability 513

 = lim
bSq

 c 1-(t - 10)2 - 20(t - 10)2e-
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sometimes called a bell curve because of its shape. Since the curve is symmetric about the 

mean, the median for X is the same as its mean. It is often observed in practice that many ran-
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Many national tests are standardized using the normal distribution. The following 

example illustrates modeling the discrete random variable for scores on a test using the 

normal distribution function for a continuous random variable.

EXAMPLE 13  The ACT is a standardized test taken by high school students seeking 



516
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 14. What is a random variable? What is a continuous random vari-

able? Give some specific examples.

 15. What is a probability density function? What is the probability that 

a continuous random variable has a value in the interval 
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per degree gram molecular weight). The heat capacity of oxygen 

depends on its temperature T and satisfies the formula

Cy = 8.27 + 10-5 (26T - 1.87T2).
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 Chapter 8  Technology Application Projects 525

Mathematica/Maple Projects

Projects can be found within MyMathLab.

• Riemann, Trapezoidal, and Simpson Approximations

ParT s



http://www.goo.gl/MgDXPY
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y′ = x + y,
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EXAMPLE 3  For the differential equation

y′ = 2y - x

draw line segments representing the slope field at the points (1, 2); (1, 1); (2, 2), and (2, 1).

Solution At (1, 2) the slope is 2(2) - (1) = 3. Similarly the slope at (2, 2) is 2, at (2, 1) 

is 0, and the slope at (1, 1) is 1. We indicate this on the graph by drawing short line seg-

ments of the given slope through each point, as in Figure 9.3. 

Figure 9.4 shows three slope fields and we see how the solution curves behave by 

 following the tangent line segments in these fields. Slope fields are useful because they 



530



 

http://www.goo.gl/v2nvlA
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The analysis of error and the investigation of methods to reduce it when making 

numerical calculations are important but are appropriate for a more advanced course. 

There are numerical methods more accurate than Euler’s method, usually presented in a 

further study of differential equations or in a numerical analysis course.

TABLE 9.2  Euler solution of y ′ = 1 + y, y (0) = 1, 

step size dx = 0.05
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Using Euler’s Method

In Exercises 15–20, use Euler’s method to calculate the first three 

approximations to the given initial value problem for the specified 

increment size. Calculate the exact solution and investigate the accu-

racy of your approximations. Round your results to four decimal 

places.

 15. y′ =
2y

x , y(1) = -1, dx = 0.5

 16. y′ = x(1 - y), y(1) = 0, dx = 0.2

 17. y′ = 2
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Exercises 35 and 36 have no explicit solution in terms of elementary 

functions. Use a CAS to explore graphically each of the differential 

equations.

 35. 
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Solution

 x 
dy

dx
= x2 + 3y

 
dy



536

http://www.goo.gl/1zai86
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EXAMPLE 3  Find the particular solution of

3xy′ - y =
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RL Circuits

The diagram in Figure 9.9 represents an electrical circuit whose total resistance is a con-

stant R ohms and whose self-inductance, shown as a coil, is L henries, also a constant. 

There is a switch whose terminals at a and b can be closed to connect a constant electrical 

source of V volts.

Ohm’s Law, V = RI, has to be augmented for such a circuit. The correct equation 

accounting for both resistance and inductance is

 L  
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 26. Current in an open RL circuit 
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A Bernoulli diferential equation is of the form

http://www.goo.gl/Y2KSo4
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Integrating with respect to t gives

s = -  
y
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www.census.gov/ipc/www/idb
www.census.gov/ipc/www/idb


 9.3  Applications 543

Thus the slope of the tangent line at any point (x, y) on one of the hyperbolas xy = a is 

y′ = -y>x. On an orthogonal trajectory the slope of the tangent line at this same point 

must be the negative reciprocal, or x >y. Therefore, the orthogonal trajectories must satisfy 

the differential equation

dy

dx
=

x
y .

This differential equation is separable and we solve it as in Section 7.4:

y
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The well-mixed solution is pumped out at a rate of 45 gal >min. How much of the additive 



 9.3  Applications 545

Multiplying both sides of the standard equation by y(t) and integrating both sides gives

 (2000 - 5t





    

 





 9.4  Graphical Solutions of Autonomous Equations 549

We now present several applied examples for which we can sketch a family of solu-

tion curves to the differential equation models using the method in Example 1.

Newton’s Law of Cooling

In Section 7.4 we solved analytically the differential equation
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where F is the net force acting on the object, and m and y are the object’s mass and veloc-

ity. If m



 9.4  Graphical Solutions of Autonomous Equations 551 Figu2 r 23 shows two typphicas Soluti curves. Regardlesons othe initiicavelocity, w r seeothe body’savelocity tending towardothe limiting vicu r

 Thisavicu , a stabl requilibrium point, isahicledothe body’s terminicavelocity. Skydiversahin varyotheir termi-
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In this system we often think of t
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 9. What happens to the rabbit population if there are no foxes 

 present?

 10. What happens to the fox population if there are no rabbits  

present?

 11. Show that (0, 0) and (c>d, a>
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563

10.1 Sequences

Sequences are fundamental to the study of infinite series and to many aspects of mathe-

matics. We saw one example of a sequence when we studied Newton’s Method in Section 

4.6. Newton’s Method produces a sequence of approximations xn that become closer and 

closer to the root of a differentiable function. Now we will explore general sequences of 

numbers and the conditions under which they converge to a finite number.

OVERVIEW

http://www.goo.gl/WLjL57




 10.1  Sequences 565

Convergence and Divergence

Sometimes the numbers in a sequence approach a single value as the index n increases. 

http://www.goo.gl/r7lS4z
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The next theorem is the sequence version of the Sandwich Theorem in Section 2.2. 

You are asked to prove the theorem in Exercise 119. (See Figure 10.4.)





570 Chapter 10 Infinite Sequences and Series





572







 10.1  Sequences 575

 137.
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COMPUTER EXPLORATIONS

Use a CAS to perform the following steps for the sequences in 

 Exercises 147–158.

a. Calculate and then plot the first 25 terms of the sequence. 

Does the sequence appear to be bounded from above or 

below? Does it appear to converge or diverge? If it does 

converge, what is the limit L?

b. If the sequence converges, find an integer N such that 



http://www.goo.gl/9NNLtv




 10.2  Infinite Series 579

The formula a>(1 - r) for the sum of a geometric series applies only when the sum-

mation index begins with n = 1 in the expression gq
n = 1 arn - 1 (or with the index n = 0 if 

we write the series as gq
n = 0 arn).

EXAMPLE 1  The geometric series with a = 1>9 and r = 1>3 is

 
1
9

+
1
27

+
1
81

+ g = a
q

n
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Solution We look for a pattern in the sequence of partial sums that might lead to a for-

mula for sk. The key observation is the partial fraction decomposition



 10.2  Infinite Series 581

(b) 
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http://www.goo.gl/aPN8sH


 10.2  Infinite Series 583









 10.3  The Integral Test 587

Solution We determine the convergence of 



588 Chapter 10 Infinite Sequences and Series







 10.3  The Integral Test 591

partial sums just grow too slowly. To see what we mean, 

suppose you had started with s1 = 1 the day the universe was 





 10.4  Comparison Tests 593

Proof  The series 

http://www.goo.gl/Q2dO0w




 









 10.5  Absolute Convergence; The Ratio and Root Tests 599

The Ratio Test





 10.5  Absolute Convergence; The Ratio and Root Tests 601

The Root Test

The convergence tests we have so far for Σan work best when the formula for an is 

 relatively simple. However, consider the series with the terms

an =









 10.6  Alternating Series and Conditional Convergence 605
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placed (so the denominators are the positive integers in their natural order). This rear-



 10.6  Alternating Series and Conditional Convergence 609

Error Estimation









 10.7  Power Series 613





 10.7  Power Series 615

at x = a. We prove this as a Corollary to Theorem 18. When we also consider the conver-

gence at the endpoints of an interval, there are six different possibilities. These are shown 

in Figure 10.21.



616



 10.7  Power Series 617

of a product where we find the first few terms by multiplying the terms of the second 

series by each term of the first series:

138989-026.995896 Tmg17
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Solution We differentiate the power series on the right term by term:

 ƒ′(x) =
1



 10.7  Power Series 619

This is a geometric series with first term 1 and ratio -x2, so

ƒ′(x) =
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 45. a
q

n = 0

 a2



 10.7  Power Series 621

b. Find a series for 1ex dx. Do you get the series for 





 10.8  Taylor and Maclaurin Series 623

These formulas reveal a pattern in the coefficients of any power series gq
n =

http://www.goo.gl/5A5Dxl
http://www.goo.gl/vL7QNQ
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This is a geometric series with first term 1







 10.9  Convergence of Taylor Series 627

 44. Approximation properties of Taylor polynomials Suppose 

that ƒ(x) is di�erentiable on an interval centered at x = a





 10.9





 10.9  Convergence of Taylor Series 



632 Chapter 10 Infinite Sequences and Series



 10.9  Convergence of Taylor Series 633

Finding Taylor Series

Use substitution (as in Example 4) to find the Taylor series at x = 0 

of the functions in Exercises 1–12.

 1. e-5x 2. e-x>2 3. 5 sin (-x)

 4. sin apx

2
b  5. cos  5x2 6. cos 1x2>3>222

 7.





 10.10  Applications of Taylor Series 635

This series, called the binomial series, converges absolutely for � x � 6 1. To derive the 

series, we first list the fun84894 0 0 9.84894 0 0 cm BT
/R667 10 Tf
1 0 0 1 533.868 745.81 Tm
(fi)Tj
/R3485 10 Tf
3.73969 0 Td
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-303.411 -12 Td33934111 16)Tj
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 10.10  Applications of Taylor Series 637



638



 10.10  Applications of Taylor Series 639

Solution The Taylor series for sin x and tan 





 10.10  Applications of Taylor Series 641
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 64.
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Determining Convergence of Sequences

Which of the sequences whose nth terms appear in Exercises 1–18 
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 100.



 



648







 11.1  Parametrizations of Plane Curves 
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Notice that a parametrization also specifies when a particle moving along the curve is 

located at a specific point along the curve. In Example 4, the point (2, 4)



 11.1  Parametrizations of Plane Curves 653

hand branchs ofthe hyperbola by the pParametrizatio

=s+st3=st3,3-q 6t36 qÚ3

http://www.goo.gl/4QtZkD
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Brachistochrones and Tautochrones
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 37. Find parametric equations and a parameter interval for the motion 

of a particle starting at the point 
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 11.2  Calculus with Parametric Curves 659

EXAMPLE 3
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 =







 11.2  Calculus with Parametric Curves 663



664



 11.2  Calculus with Parametric Curves 665

Areas of Surfaces of Revolution
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Tangents to Parametrized Curves

In Exercises 1–14, find an equation for the line tangent to the curve at t66

d66266y66>66ve athishe poi.66x66=66 t66 66y66=66 t66 66t66>66x66=66t66 66y66=66



 11.3  Polar Coordinates 667

 45.   46. 

x

y

1−1





 11.3  Polar Coordinates 669

EXAMPLE 2  A circle or line can have more than 604 784.148 Tm
(1l)7.97694(es)equation.





 11.4  Graphing Polar Coordinate Equations 671

 21.



672 Chapter 11 Parametric Equations and Polar Coordinates

Symmetry



 11.4  Graphing Polar Coordinate Equations 673

EXAMPLE 1  Graph the curve r = 1 - cos u in the Cartesian xy-plane.

Solution The curve is symmetric about the x-axis because

 (r, u) on the graph 1  r = 1 - cos u

 1  r = 1 - cos (-u)



674



 11.5  Areas and Lengths in Polar Coordinates 675

 





 11.5  Areas and Lengths in Polar Coordinates 677

 A = L
p>2

-p>2

  
1
2

 1r2 

2 - r1 

22 du  Eq. (1)

 = 2 L
p>2

0

 
1
2

 1r2 

2 - r1 

22 du  Symmetry
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Length of a Polar Curve

If r = ƒ(u) has a continuous first derivative for a … u … b and if the point 

P(r, u) traces the curve r = ƒ(u) exactly once as u runs from a to 





http://www.goo.gl/WZD6Hz


 11.6  Conic Sections 681

If the focus F lies on the directrix L, the parabola is the line through F perpendicular to 

L. We consider this to be a degenerate case and assume henceforth that F does not lie on L.

A parabola has its simplest equation when its focus and directrix straddle one of the 

coordinate axes. For example, suppose that the focus lies at the point F(0, p) on the posi-

tive y-axis and that the directrix is the line y = -p (Figure 11.40). In the notation of the 

figure, a point P(x, y) lies on the parabola if and only if 
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EXAMPLE 1  Find the focus and directrix of the parabola y2 = 10x.

Solution We find the value of p in the standard equation y2 = 4px:

4pp10

44







 11.6  Conic Sections 685

If we interchange x and y in Equation (11), the foci and vertices of the resulting 

hyperbola will lie along the y-axis. We still find the asymptotes in the same way as before, 

but now their equations will be y = {2x>25.
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Identifying Graphs

Match the parabolas in Exercises 1–4 with the following equations:

x2 = 2y, x2 = -6y, y2 = 8x, y2 = -4x.

Then find each parabola’s focus and directrix.



 11.6  Conic Sections 687

Exercises 53–56 give equations for hyperbolas and tell how many 

units up or down and to the right or left each hyperbola is to be 

shifted. Find an equation for the new hyperbola, and find the new 

 center, foci, vertices, and asymptotes.

 53.









 11.7  Conics in Polar Coordinates 691
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The Standard Polar Equation for Lines

If the point P0(r0, u0) is the foot of the perpendicular from the origin to the line L, 



 11.7  Conics in Polar Coordinates 693

EXAMPLE 5  Here are several polar equations given by Equations (8) and (9) for 

circles through the origin and having centers that lie on the x- (8)7TJ
-223.6599Tf
4.44y11 0 Td
(x)Tj
/R771 11 Tf
4.440axis. 48 Tm
(693)Tj
ET
Q
/R455 gs
0 1 0.6 )]9.7 10 0.27 15.5898 15.593855 
/R77hat.65wR771 100 K
3040.385 602.04 m
34 0.285 602.04 l
S
34 0.285 602.04 m
5055.475 602.04 l
S
5055.475 602.04 m
5761 0 5 602.04 l
S
3040.3856803.475m
34 0.2856803.475l
S
34 0.2856803.475m
5055.4756803.475l
S
5055.4756803.475m
5761 0 56803.475l
S
3040.3856123.475m
34 0.2856123.475l
S
34 0.2856123.475m
5055.4756123.475l
S
5055.4756123.475m
5761 0 56123.475l
S
5
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 43. Circle 44. Cardioid

  

x

y   



 Chapter 11  Additional and Advanced Exercises 697

Exercises 81–84 give the eccentricities of conic sections with one fo-





 Chapter 11  Technology Application Projects 699

 29. The circles r = 23 cos u and r = sin u intersect at the point 123>2, p>32. Show that their tangents are perpendicular there.

 30. Find the angle at which the cardioid r = a(1 - cos u) crosses the 

ray u = p>2.

 27. 





 12.1
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Proof  We construct a rectangular box with faces parallel to the coordinate planes 

and the points P1
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In textbooks, vectors are usually written in lowercase, boldface letters, for example u, 

http://www.goo.gl/LZMPlA


 12.2  Vectors 707

EXAMPLE 1  Find the (a) component form and (b) length of the vector with initial 

point P(-3, 4, 1)

point 
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 12.2  Vectors 709

EXAMPLE 5  If v = 3i - 4j is a velocity vector, express v as a product of its speed 

times its direction of motion.

Solution Speed is the magnitude (length) of v:0 v 0 = 2(3)2

http://www.goo.gl/g8Hsw0
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In summary, we can express any nonzero vector v in terms of its two important features, 

length and direction, by writing v = 0 v 0 v0 v 0 .
If v ≠ 0, then

1. 
v0 v 0  is a unit vector called the direction of v;

2. the equation v



 12.2  Vectors 711

Applications

An important application of vectors occurs in navigation.

EXAMPLE 8  A jet airliner, flying due east at 500 mph in still air, encounters a 

70-mph tailwind blowing in the direction 60° north of east. The airplane holds its compass 
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and

 0 F2 0 =
75 cos 55°



 12.2  Vectors 713

 46. (Continuation of Example 8.) What speed and direction should the 

jetliner in Example 8 have in order for the resultant vector to be 

500 mph due east?

 47. Consider a 100-N weight suspended by two wires as shown in the 

accompanying figure. Find the magnitudes and components of the 

force vectors 
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 54. Find the vector from the origin to the point of intersection of the 

medians of the triangle whose vertices are

A(1, -1, 2),  B(2, 1, 3),  and C



 





 12.3  The Dot Product 717

EXAMPLE 4  To determine if two vectors are orthogonal, calculate their dot product.

(a) 

uct
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The number 0 u 0  cos u is called the scalar component of u in the direction of v
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EXAMPLE 8  If 0 F 0 = 40 N (newtons), 0 D 0 = 3 m, and u = 60°, the work done by 

F in acting from P to Q is

 Work = F # D   



 12.3  The Dot Product 721
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In Exercises 35–38, use the result of Exercise 33 to find an equation 

for the line through P perpendicular to v. Then sketch the line. Include 

v in your sketch as a vector starting at the origin.

 35. P



 12.4  The Cross Product 723

Unlike the dot product, the cross product is a vector. For this reason it is also called the 

vector product of u and v, and can be applied only to vectors in space. The vector u * v 

is orthogonal to both u and v because it is a scalar multiple of n.

There is a straightforward way to calculate the cross product of two vectors from their 

components. The method does not require that we know the angle between them (as sug-

gested by the definition), but we postpone that calculation momentarily so we can focus 

first on the properties of the cross product.

Since the sines of 0 and p are both zero, it makes sense to define the cross product of 

two parallel nonzero vectors to be 0. If one or both of u and v are zero, we also define 

u * v to be zero. This way, the cross product of two vectors u and v is zero if and only if 

u and v are parallel or one or both of them are zero.

Parallel Vectors
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This is the area of the parallelogram determined by u and v (Figure 12.31), 







 12.4  The Cross Product 727

EXAMPLE 6  Find the volume of the box (parallelepiped) determined by 

u = i + 2j - k,  v





 12.5  Lines and Planes in Space 729

Lines and Line Segments in Space

In the plane, a line is determined by a point and a number giving the slope of the line. In 

space a line is determined by a point and a vector giving the direction of the line.

Suppose that L is a line in space passing through a point P0(





 12.5  Lines and Planes in Space 731

gives the flight direction of the helicopter. From Equation (4), the position of the helicop-

ter at any time t is

r(t) = r0 + t(speed)u

 = 0 + t(60)
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Suppose that plane M passes through a point P



 12.5  Lines and Planes in Space 733

EXAMPLE 8  Find a vector parallel to the line of intersection of the planes 

3x - 6y - 2z = 15 and 2x + y - 2z = 5.

Solution





 12.5  Lines and Planes in Space 
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Theory and Examples

 67. Use Equations (3) to generate a parametrization of the line through 

P
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EXAMPLE 2  The ellipsoid



 12.6  Cylinders and Quadric Surfaces 739

In the plane x = 0, the parabola opens upward from the origin. The parabola in the plane 

y = 0
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 Chapter 12  Additional and Advanced Exercises 745

 63. Distance between skew lines Find the distance between the line 

L1 through the points 
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b. For a fixed 
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EXAMPLE 1  Graph the vector function

r(t) = (cos t)i + (sin ) )

EXAMPLE 1



 13.1  Curves in Space and Their Tangents 751

If L = L1 i + L2  j + L3 k, then it can be shown that limtSt





 13.1  Curves in Space and Their Tangents 753
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756



 13.1  Curves in Space and Their Tangents 757

 iii) Does the particle move clockwise or counterclockwise around 

the circle?
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 46. Limits of cross products of vector functions Suppose that 



 13.2  Integrals of Vector Functions; Projectile Motion 759

As in the integration of scalar functions, we recommend that you skip the steps in Equa-

tions (1) and (2) and go directly to the final form. Find an antiderivative for each compo-

nent and add a constant vector at the end. 





 13.2  Integrals of Vector Functions; Projectile Motion 761

The first integration gives

dr
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A projectile reaches its highest point when its vertical velocity component is zero. 



 13.2  Integrals of Vector Functions; Projectile Motion 763

 A second integration gives

r = -  
1
2

 gt2j + v0 t + r0 .

 Substituting the values of v0 and r0 into the last equation gives the position vector of 

the baseball.

 r = -  
1
2

 gt2j + v0 t + r0

 = -16t2 j + (152 cos 20° - 8.8)t i + (152 sin 20°)t j + 3j

 = (152 cos 20° - 8.8)t i + 13 + (152 sin 20°)t - 16t22j.

(b) The baseball reaches its highest point when the vertical component of velocity is zero, or

dy

dt
= 152 sin 20° - 32t = 0.

 Solving for t we find

t =
152 sin 20°



764







 13.3  Arc Length in Space 767

  at every point t of (a, b). Then use the conclusion in part (b) of 

Exercise 45 to show that if R is any antiderivative of r on 3a, b4  

then

 L
b

a

r(t) dt = R(b) - R(a).

 47. Hitting a baseball with linear drag under a wind gusta
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EXAMPLE 1  A glider is soaring upward along the helix r(t))



 

http://www.goo.gl/tS1NiM
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If 0 d T>ds 0
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If b = 0, the helix reduces to a circle of radius a and its curvature reduces to 1 >a, as 

it should. If a = 0, the helix becomes the z-axis, and its curvature reduces to 0, again as it 

should. 

EXAMPLE 6  Find N for the helix in Example 5 and describe how the vector is 







 13.5  Tangential and Normal Components of Acceleration 779

Torsion

How does d B>ds behave in relation to 13.5

  13.5
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Since N
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Solution We calculate the curvature with Equation (5):

 v = -(a sin t)i + (a cos t)j

 v = -(a cos 
t) + (a sin 

t

 

a
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Motion in Polar and Cylindrical Coordinates

When a particle at P(r, u)



 13.6  Velocity and Acceleration in Polar Coordinates



http://www.goo.gl/ks7JQa


 Chapter 13  Questions to Guide Your Review 787

Hence, from Figure 13.36,

 2a = r0 + rmax =
2r0

1 - e
=

2r0GM
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 Chapter 13  Technology Application Projects



792

OVERVIEW The volume of a right circular cylinder is a function V = pr2h of its radius 

and its height, so it is a function V(r, h) of two variables r and h. The speed of sound 
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As with a half-open interval of real numbers 3



 14.1  Functions of Several Variables 795

Graphs, Level Curves, and Contours of Functions of Two Variables

There are two standard ways to picture the values of a function ƒ(x
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FIGURE 14.7 Contours on Mt. Washington in 

New Hampshire. (From Appalachian Mountain Club. 

Copyright by Appalachian Mountain Club.)

Since the graphs of functions of three variables consist of points (x, y, z, ƒ(x, y, z)) 



 14.1  Functions of Several Variables 797

with part of its boundary removed or a solid cube with a missing face, edge, or corner 

point is neither open nor closed.

Functions of more than three independent variables are also important. For example, the 

temperature on a surface in space may depend not only on the location of the point P(x, y, z) 

on the surface but also on the time t when it is visited, so we would write T = ƒ(x, , , 
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Domain, Range, and Level Curves

In Exercises 1–4, find the specific function values.

 1. ƒ(x, y) = x2 + xy3

a. ƒ



 14.1





 14.2  Limits and Continuity in Higher Dimensions 801

As for functions of a single variable, it can be shown that

 lim
(x, 





 14.2  Limits and Continuity in Higher Dimensions 803

Solution Since the denominator 2x - 2y approaches 0 as (x, y





 

14.2

  
Limits and Continuity in Higher Dimensions 









 14.3  Partial Derivatives 809

Using the Limit Definition

Each of Exercises 73–78 gives a function ƒ(x, y) and a positive num-

ber e. In each exercise, show that there exists a d
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the function z = ƒ(x, y0)



 14.3  Partial Derivatives 811

The slope of the curve z = ƒ(x, y0)
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 14.3  
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EXAMPLE 7  If resistors of R1, R2, and 

1



 

http://www.goo.gl/2PxgfB
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http://www.goo.gl/MYhzm3
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If z = ƒ(x, y)
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Proof  



 14.4  The Chain Rule 823





 14.4  The Chain Rule 825

EXAMPLE 4  Express 0w>0r  and 0w>0s in terms of r and s if

w = x2 + y2r2=2+r

2

=

2

+

r

EXAMPL3 4  Express 0w>0r and 0w>0s in terms of r and s wswswsy
2rw

r

s

ws

r

swr

s

wsy
2

srwr

s

ys

r
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Solution The preceding discussion gives the following.

 
0w
0r

=
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Since F(0, 0, 0) = 0, Fz(0, 0, 0) = 1 ≠ 0, and all first partial derivatives are continuous, 



 14.4  The Chain Rule 829

 27. x2 + xy + y2 - 7 = 0, (1, 2)

 28. xey + sin xy + y - ln 2 = 0, (0, ln 2)
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Solution Applying the definition in Equation (1), we obtain

 ¢dƒ

ds



 14.5  Directional Derivatives and Gradient Vectors 833

When u = i,
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EXAMPLE 2  Find the derivative of ƒ(x, y) = xey + cos (xy) at the point (2, 0) in the 

direction of 

y=



 14.5  Directional Derivatives and Gradient Vectors 835

Its direction is

u =
i + j0 i + j 0 =

i + j

2(1)2 + (1)2
=

1

22
 i +

1

22





 14.5  Directional Derivatives and Gradient Vectors 837

Functions of Three Variables







840



 14.6  Tangent Planes and Differentials 841

EXAMPLE 2  Find the plane tangent to the surface 





 14.6  Tangent Planes and Differentials 843

Suppose the function we wish to approximate is z = ƒ(x, y) near a point (x0



844
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3. If the second partial derivatives of ƒ are continuous and if x, y, and z change from 



 14.6  Tangent Planes and Differentials 847





http://www.goo.gl/6uT86M




 14.7  Extreme Values and Saddle Points 851

EXAMPLE 1
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EXAMPLE 5  Find the critical points of the function 



854



 14.7  Extreme Values and Saddle Points 855
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http://www.goo.gl/WLub9z
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 14.8  Lagrange Multipliers



862
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also lies on the circle x2 + y2
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 14.9  Taylor’s Formula for Two Variables 869

To determine whether ƒ has an extremum at (a, b), we examine the sign of the differ-

ence ƒ(a + h, b + k) - ƒ(a, b). By Equation (3), this is the same as the sign of

Q(c) = (h2
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Taylor’s Formula for Functions of Two Variables

The formulas derived earlier for F′ and 
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If we cannot carry out Step 2 after deciding which variables are dependent, we differ-

http://www.goo.gl/6TLoDz
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Finding Partial Derivatives with Constrained Variables

In Exercises 1–3, begin by drawing a diagram that shows the relations 

among the variables.

 1. If w = x2 + y2 + z2 and z = x2 + y2, find

a. a0w

0y
b

z

 b. a0w

0z
b

x

 c. a0w

0z
b

y

.

 2. If w = x2 + y - z +
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 96. Tangent plane parallel to 



 Chapter 14  Additional and Advanced Exercises 881

d. Show that r # dr = r dr.

e. Show that ∇(A # r) = A for any constant vector A.

 8. Gradient orthogonal to tangent Suppose that a diferentiable 

function ƒ(x, y) has the constant value c along the diferentiable 

curve 





883

OVERVIEW In this chapter we define the double integral of a function of two variables 

ƒ(x, 







http://www.goo.gl/ayFJIW


 15.1  Double and Iterated Integrals over Rectangles 887

Solution
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 19.  O
R

 







 15.2  Double Integrals over General Regions 891

When the order of integration is reversed (Figure 15.12c), the integral for the volume is

 V = L
1

0 L
1

y

(3 - x - y) dx dy = L
1

0

 c 3x -
x2

2
- xy d

x = y

x = 1

 dy

 = L
1

0

 a
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 15.2  Double Integrals over General Regions 893

EXAMPLE 3  Sketch the region of integration for the integral

 L
2

0 L
2x

x2

(4x + 2) dy dx

and write an equivalent integral with the order of integration reversed.

Solution









 



898 Chapter 15 Multiple Integrals

As with the other definitions in this chapter, the definition here applies to a greater 

variety of regions than does the earlier single-variable definition of area, but it agrees with 



 15.3  Area by Double Integration 899

(a) From the symmetries observed in the figure, we see that the area of R is 4 times its 
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 15.4  Double Integrals in Polar Form 901
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as can be seen by multiplying pr2
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to evaluate it. Polar coordinates make this possible. Substituting x = r cos u and  

y = r



 15.4  Double Integrals in Polar Form 905

EXAMPLE 6  Using polar integration, find the area of the region R in the xy-plane 

enclosed by the circle x2 + y2 = 4, above the line y = 1, and below the line y = 23x.





 





 15.5  Triple Integrals in Rectangular Coordinates 909
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4. Find the x-limits of integration. Choose x-limits that include all lines through R parallel 

to the y-axis (x = a and 
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Finally, as L sweeps across R, the value of x varies from x = 0 to 



 15.5



914 y14L14 through (14x14



 15.5  Triple Integrals in Rectangular Coordinates 915

Properties of Triple Integrals
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 28.  The region in the first octant bounded by the coordinate planes, the 

plane y = 1





918 Chapter 15 Multiple Integrals

Masses and First Moments

If d
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Moments of Inertia

An object’s first moments (Table 15.1) tell us about balance and about the torque the 
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pieces, one in each octant. We can evaluate the integral on one of these pieces and then 

multiply by 8 to get the total value.

 Ix = 8



 15.6  Applications 923

X takes values 

a and b is found by integrating a probability density function ƒ,

P(a … X … b) =

L
b

a

ƒ(x) dx.
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To compute the probability that X 7 Y, we integrate the joint probability density func-

tion ƒ over the region in the rectangle where X 7 Y . This region is bounded on the left 

by the line x = y and on the right by the line x = 10. An integral over this region has 



 15.6  Applications 925

Plates of Constant Density

 1.  Finding a center of mass Find the center of mass of a thin plate 
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 15.7  Triple Integrals in Cylindrical and Spherical Coordinates 927

the body’s center of mass at the origin and let the plane be the 

yz-plane. What does the formula x = M
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3. Find the r-limits of integration. Draw a ray L through (r, u) from the origin. The ray 

enters R at r = h1(u) and leaves at r = h2(u). These are the r-limits of integration.



 15.7  Triple Integrals in Cylindrical and Spherical Coordinates 
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 15.7  Triple Integrals in Cylindrical and Spherical Coordinates 933
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The 
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 15.8  Substitutions in Multiple Integrals 939

Theory and Examples

 105. Vertical planes in cylindrical coordinates

a. Show that planes perpendicular to the x-axis have equations 

of the form r = a sec u

http://www.goo.gl/nNwiuG
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The Jacobian can also be denoted by

J(u, y) =
0(
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We then find the boundaries of G by substituting these expressions into the equations for 

the boundaries of R (Figure 15.59)

 xy-equations for  

the boundary of R

Corresponding uY-equations  
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maps to uy = 2, 1 … y … 2,
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EXAMPLE 5  Evaluate

 L
3

0 L
4

0 L
x = (y>2)+ 1

x



 15.8  Substitutions in Multiple Integrals 947

The Jacobian of the transformation, again from Equations (9), is

J(u, y, w) = 6 0x
0u

0x
00 x

0
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 15.  Use the transformation x = u
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Volumes and Average Values Using Triple Integrals

 27.  Volume Find the volume of the wedge-shaped region enclosed 

on the side by the cylinder x



 Chapter 15  Practice Exercises 951

the cylinder 
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 Chapter 15  Additional and Advanced Exercises 953

 density d = 3 bounded by the y-axis and the lines y = 2x and 

y = 4 in the xy-plane.

 17. Mass and polar inertia of a counterweight The counterweight 

of a flywheel of constant density 1 has the form of the smaller seg-

ment cut from a circle of radius a by a chord at a distance b from 

the center (b 6 a). Find the mass of the counterweight and its 

polar moment of inertia about the center of the wheel.

 18. Centroid of a boomerang Find the centroid of the boomer-

ang-shaped region between the parabolas y2 = -4(x - 1) and 

y2 = -y= 4
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Mathematica/Maple Projects

Projects can be found within MyMathLab.



955

OVERVIEW In this chapter we extend the theory of integration to general curves and sur-



956
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EXAMPLE 3  Find the line integral of 

(8x8 , 8 y8 , 8 z8 )8=828
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standing on the curve C and orthogonal to the plane. At any point (x, y) along the curve, 

the height of the wall is ƒ(x
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 42. Center of mass and moments of inertia for wire with  variable 

density Find the center of mass and the moments of inertia 

about the coordinate axes of a thin wire lying along the curve

r(t) = t 



 16.2  Vector Fields and Line Integrals: Work, Circulation, and Flux 963

defined on a region in space. These and other fields are illustrated in Figures 16.7–16.16.  

To sketch the fields, we picked a representative selection of domain points and drew the 

vectors attached to them. The arrows are drawn with their tails, not their heads, attached to 

the points where the vector functions are evaluated.

Gradient Fields

The gradient vector of a differentiable scalar-valued function at a point gives the direction 





 16.2  Vector Fields and Line Integrals: Work, Circulation, and Flux 965

DEFINITION Let F





 16.2  Vector Fields and Line Integrals: Work, Circulation, and Flux 967

Work Done by a Force over a Curve in Space

Suppose that the vector field F
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TABLE 16.2



 16.2  Vector Fields and Line Integrals: Work, Circulation, and Flux 969

DEFINITION If r(
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 16.2  Vector Fields and Line Integrals: Work, Circulation, and Flux 973

 38. The flow of a gas with a density of d = 0.3 kg>m

9884(v)15.9968(er t[(T8(g)]-6.1f
92 -10.99787 0 T7119.00001 Twclosed )0.99.108(curv)15.9858(eT8(g)]Tj
ET
Q
Q
33 446482flo)175880.48.389.276.072 re W n
0 0 0 1 k
q
9.84894 0 0 9.84894 0 0 cm BT
/R8955 9.00002 Tf
1 0 0440.411.735746.692 Tr
( )Tj
/R771 9.00002 Tf9689.034 0 T(
( )Tj3485771 9.00002 Tf00595034 0 Tt
( )Tj
/R771 9.00002 2.49313034 0 T)lux)Tj
/R575 9.00002 7.0562034 0 Tm
(=)Tj
/R771 9.00002 Tf
5975014 0 Td(
-0.99.108(c)Tf0045.(o[(k)1.983s7(3)]TJ9f
1 0 0481.6.0735746.692 T 
( )Tj3485771 9.00002 Tf
1 0 0483.3880735746.692 Tt
( )Tj
/R771 9.00002 2.49313034 0 T)lux)Tj
/R8955 9.00002 Tf00595034 0 Tilux=  
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 53. Work and area Suppose that ƒ(t) is di�erentiable and positive 

for 
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property by indicating that the integral depends only on the initial and final points, and not 

on the path connecting them.

Under reasonable differentiability conditions that we will specify, we will show that a 

field 







 16.3



980
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EXAMPLE 4  Show that F = (2x - 3)i - z



 16.3  
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 16.4  









 16.4
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THEOREM 4—Green’s Theorem (Circulation-Curl or Tangential Form)

Let C be a piecewise smooth, simple closed curve enclosing a region R in the 

plane. Let F = M i + N j be a vector field with M and N having continuous first 

partial derivatives in an open region containing R. Then the counterclockwise 

circulation of 
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Solution We can use either form of Green’s Theorem to change the line integral into a 

double integral over the square, where C is the square’s boundary and R is its interior.

1.  With the Tangential Form Equation (3): Taking M = -y2 and N =
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 16.5  Surfaces and Area 999

EXAMPLE 1  Find a parametrization of the cone



1000 Chapter 16 Integrals and Vector Fields

We need S to be smooth for the construction we are about to carry out. The definition of 

smoothness involves the partial derivatives of r with respect to u and 



 16.5  Surfaces and Area 1001

patch element ∆suy by the parallelogram area in Equation (2) and sum these areas together 

to obtain an approximation of the surface area of S:

a
n

0 ru * ry 0
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EXAMPLE 5



 16.5  Surfaces and Area16.5
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Applying the Chain Rule for implicit differentiation (see Equation (2) in Section 14.4) to 

F(x, y, z) = c, where x = u, y = y, and z = h(u, y), we obtain the partial derivatives

0h
0u



 16.5  Surfaces and Area 1005

At any point (x, y, z) on the surface, we have

 F(x, y, z) = x2 + y2 - z

 ∇F = 2xi + 2yj - k

 0 ∇F 0 = 2(2x)2 + (2y)2 + (

=2

(2i
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 40. Find the area of the portion of the surface 
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The surface integral in Equation (1) takes on different meanings in different applica-

tions. If G has the constant value 1, the integral gives the area of S. If G gives the mass 

density of a thin shell of material modeled by S, the integral gives the mass of the shell. If 

G gives the charge density of a thin shell, then the integral gives the total charge.

EXAMPLE 1  Integrate G(x, y, z) = x2 over the cone z = 2x2 + y2, 0 … z … 1.

Solution

…222
=



 16.6  Surface Integrals 1011

EXAMPLE 3  Integrate G(x, y, z) = 21 - x894 0 0 9.84894 0 0 cm BT
/R771 10 Tf
1 0 0 1 447.395 744.466 Tm
(1)Tj
ET
Q
Q
q
3791.13 7307.11 443.203 60279
1 0 0 1 437.923 71.9466 T44.2

1
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 16.6  Surface Integrals16.6 16.6
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we obtain directly

Flux = O
S

F # n F
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EXAMPLE 8  Find the center of mass of a thin shell of density d = 1>z2 cut from the 

cone z = 2x2 + y2



 16.6  Surface Integrals 1017

 15. Integrate G(x





 16.7  Stokes’ Theorem 1019

The Curl Vector Field

Suppose that F is the velocity field of a fluid flowing in space. Particles near the point (x, y, z) 





 16.7  Stokes’ Theorem 1021

which is the circulation-curl form of the equation in Green’s Theorem. Conversely, by 

reversing these steps we can rewrite the circulation-curl form of Green’s Theorem for two-

dimensional fields in del notation as

F
C 

 F #
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  and let

F

F



 16.8  The Divergence Theorem and a Unified Theory 1031

Evaluate the integral

F
C





 16.8  The Divergence Theorem and a Unified Theory 1033

EXAMPLE 2  Evaluate both sides of Equation (2) for the expanding vector field 

F = xi + yj + zk over the sphere x2 + y2 + z2 = a2 (Figure 16.73).

Solution
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 16.8  The Divergence Theorem and a Unified Theory 1035

Divergence and the Curl

If F is a vector field on three-dimensional space, then the curl ∇If 

∇If 
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when 
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 16.8  The Divergence Theorem and a Unified Theory 1041

Notice how Stokes’ Theorem generalizes the tangential (curl) form of Green’s Theo-

rem from a flat surface in the plane to a surface in three-dimensional space. In each case, 

the surface integral of curl F over the interior of the oriented surface equals the circulation 
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Calculating Divergence

In Exercises 1–8, find the divergence of the field.

 1.
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 1. What are line integrals of scalar functions? How are they evalu-

ated? Give examples.

 2. How can you use line integrals to find the centers of mass of 

springs or wires? Explain.

 3.
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b. along the curved boundary of the helicoid in Exercise 27 

from (1, 0, 0) to (1, 0, 2p).

In Exercises 39 and 40, use the curl integral in Stokes’ Theorem to 

find the circulation of the field F



 



1048 Chapter 16 Integrals and Vector Fields

c. Show that the total work done equals the work required to 

move the sheet’s center of mass (x
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AP-2 Appendices

the sense that there are no “holes” or “gaps” in it. Many theorems of calculus would fail if 

the real number system were not complete. Appendix 6 introduces the ideas involved and 

discusses how the real numbers are constructed.

We distinguish three special subsets of real numbers.

1. The natural numbers, namely 1, 2, 3, 4







 A.1  Real Numbers and the Real Line
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 1. Express 





AP-8 Appendices

then it follows that

 
1

21
+

1

22
+ g +

1

2k
+

1

2k + 1
= 1 -

1

2k
+

1

2k + 1
= 1 -

1 # 2

2k # 2



 A.3  Lines, Circles, and Parabolas AP-9

Then



http://www.goo.gl/XSzlEA


 A.3  Lines, Circles, and Parabolas AP-11

Given two points P1(x1, y1) and P2(x2 , y2) in the plane, we call the increments 

∆x = x2 - x1 and 

, y
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The relationship between the slope m of a nonvertical line and the line’s angle of incli-

nation f



 A.3  Lines, Circles, and Parabolas AP-13

EXAMPLE 3  Write an equation for the line through (-2, -1) and (3, 4).

Solution The line’s slope is

m =
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 A.3  Lines, Circles, and Parabolas
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 A.3  Lines, Circles, and Parabolas AP-17

If 0 6 c 6 1, the graph of Equation (3) horizontally stretches the circle; if c 7 1 the 

circle is compressed horizontally. In either case, the graph of Equation (3) is an ellipse 









 A.4  Proofs of Limit Theorems AP-21

Since (1>2) 0 M 0 2e 7 0, there exists a number d2 7 0 such that

 �M - g(x) � 6
e
2
�M �2  whenever  0





 A.6  Theory of the Real Numbers AP-23

Limit 6: For any number x, lim
nSH

  
x 
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A1 and M1 are associative laws, A2 and M2 are commutativity laws, A3 and M3 are 

identity laws, and D is the distributive law. Sets that have these algebraic properties are 

examples of fields, and are studied in depth in the area of theoretical mathematics called 

abstract algebra.

The order properties allow us to compare the size of any two numbers. The order 

properties are

O1 For any a and b, either 
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 A.7
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EXAMPLE 2  Let z1 = 1 + i, z2 = 23 -
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Hence, all the nth roots of z







 A.9  The Mixed Derivative Theorem and the Increment Theorem AP-35

3. A triangle whose sides are 0 u

u
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Now, as both ∆x and ∆y S 0, we know that c S x0 and d S y0 . Therefore, since 



 A.9  The Mixed Derivative Theorem and the Increment Theorem AP-39

The partial derivatives ƒx , ƒy , ƒz
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 29. (a) ƒ(x) =



A-2 Chapter 1: Answers to Odd-Numbered Exercises

 39. 



 Chapter 1: Answers to Odd-Numbered Exercises A-3

SECTION 1.3, pp. 27–29

 1. (a) 8p m (b) 
55p

9
 m  3. 8.4 in.

 5. 

  (e) 
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 13. 3



 Chapter 1: Answers to Odd-Numbered Exercises A-5

 47. Reflects the portion for y 6 0 across the x-axis

 49. Reflects the portion for y 6 0 across the x-axis

 51. Adds the mirror image of the portion for x 7 0 to make the new 

graph symmetric with respect to the y-axis

 53. (a) y = g (x - 3) +
1
2

 (b) y = g ax +
2
3
b - 2 

 (c) y = g (-x) (d) y = -g (x) (e) y = 5g (x) 

 (f) y = g (5x)

 55. 

- 2





 Chapter 2: Answers to Odd-Numbered Exercises A-7

SECTION 2.6, pp. 93–96

 1. (a) 0 (b) -2 (c) 2 (d) Does not exist (e) -1 

 (f) q (g) Does not exist (h) 1 (i) 0 

 3. (a) 
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  y

x

1

-1

10

y = f(x)



 Chapter 3: Answers to Odd-Numbered Exercises A-9

 37. Since lim
hS0 +

 
ƒ (0 + h) - ƒ (0)

h
= 1

 while lim
hS0-

 
ƒ(0 + h) - ƒ(0)

h
= 0,

 ƒ′(0) = lim
hS0

 
ƒ(0 + h) - ƒ(0)

h
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 Chapter 3: Answers to Odd-Numbered Exercises A-11

 47. (a) y = -x + p>2 + 2 (b) y = 4 - 23
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  (c) 
dV

dt
= pr2 

dh

dt
+ 2phr 

dr

dt

 15. (a) 1 volt > sec  (b) -  
1
3

 amp > sec

 (c) 
dR

dt
=

1



 Chapter 3: Answers to Odd-Numbered Exercises A-13

 65. (a) 



A-14 Chapter 4: Answers to Odd-Numbered Exercises

 23. h′ is deined but not continuous at x = 0; k′ is deined and 

 continuous at x = 0.

 25. 
43

75
 rad>sec

 29. (a) 0.8156 ft (b) 0.00613 sec

  (c) It will lose about 8.83 min > day.

Chapter 4

SECTION 4.1, pp. 188–190

 1. Absolute minimum at x = c2; absolute maximum at x = b

 3. Absolute maximum at x = c;



 Chapter 4: Answers to Odd-Numbered Exercises A-15

 37. Increasing on (0, 8), decreasing on (-1, 0); absolute maximum: 

16 at x = 8; absolute minimum: 0 at x = 0

 39. Increasing on 



A-16 Chapter 4: Answers to Odd-Numbered Exercises

 23. (a)  Decreasing on (-q, 0); increasing on (0, 1>2); decreasing 

on (1>2, q)

  (b)  Local minimum at u = 0 (0, 0); local maximum at 

u = 1>2 (1>2, 1>4)
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45.   47.





A-20 Chapter 4: Answers to Odd-Numbered Exercises

103.

30−3
xf 0:

2 202 0 2 22 01 21

2 4−1
xf 9:

111 0 0 2 21 102 2

 99.   101.

1 3

(1, 2)

(−2, −
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A-22 Chapter 4: Answers to Odd-Numbered Exercises

 45. (a)  Local maximum at x = 0, local minima at x = -1 and 

x = 2, inflection points at x = 11 { 272>3

   x = −1 x = 2

Loc minLoc min

Infl

Loc max

1 − Î7
3

x =
1 + Î7

3
x =

Infl

x = 0
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 37. (a) 
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SECTION 6.6, pp. 363–365

 1. M = 14>3,  x
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 39. (b) 
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  69. 
1









A-34 Chapter 8: Answers to Odd-Numbered Exercises

 27. (a) ≈0.00021 (b) ≈1.37079 (c)



 Chapter 8: Answers to Odd-Numbered Exercises A-35

 93. -2 cot x -
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Chapter 9

SECTION 9.1, pp. 532–534

 1. (d)  3. (a)

 5. 



 Chapter 9: Answers to Odd-Numbered Exercises A-37

 7. y′ = (y -
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 13. Before the catastrophe, the population exhibits logistic growth 

and P(t) increases toward M0 ,







 Chapter 10: Answers to Odd-Numbered Exercises A-41

 35. Converges absolutely, since ` cos np
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 Chapter 11: Answers to Odd-Numbered Exercises A-43

 99. (a) Converges; Limit Comparison Test

  (b)





 Chapter 11: Answers to Odd-Numbered Exercises A-45

 9. (a) a-322, 
5p
4

b  (b) (-1, 0) (c) a-2, 
5p
3

b
  (d) a-5, p - tan-1 

3
4
b

 11. 

x
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 9.   11.

x

y

0

3

−3 F(3, 0)

x = −3

y2 = 12x

 

x

y

0

2

2

y = 2

x2 = −8y

F(0, −2)

 13.   15.
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 51. 
(x5m
/R8955 9.0008.01918.00635 -
( 51.)Tj
/R771 9.0009.35973.00635[(2)1.98308())]TJ51. 





 Chapter 11: Answers to Odd-Numbered Exercises A-49

 75. (b)

Planet  Perihelion  Aphelion

Mercury  0.3075 AU  0.4667 AU

Venus  0.7184 AU  0.7282 AU

Earth  0.9833 AU  1.0167 AU

Mars  1.3817 AU  1.6663 AU

Jupiter  4.9512 AU  5.4548 AU

Saturn  9.0210 AU 10.0570 AU

Uranus 18.2977 AU 20.0623 AU
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 55. Focus is (0, -1),  

directrix is y = 1.
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 9. 0.75 rad  11. 1.77 rad

 13. Angle at A = cos-1 a 1

25
b ≈ 63.435 degrees, angle at 

  B = cos-1 a3

5
b ≈ 53.130 degrees,
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 21. u * v = k



 Chapter 13: Answers to Odd-Numbered Exercises A-55

ADDITIONAL AND ADVANCED EXERCISES, pp. 745–747

 1. (26, 23, -1>3)  3. 0 F 0
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 Chapter 14: Answers to Odd-Numbered Exercises A-61

15. 
0w

0u
=

0w

0x
 
0x

0u
+

0w

0y
 
0y

0u
+

0w

0z
 
0z

0u
,

  
0w

0y =
0w

0x
 
0x

0y +
0w
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29. (a) u =
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 29. 
dw

dt
2
t = 0

= -1

 31. 
0w

0r
2
(r(r(



 Chapter 15: Answers to Odd-Numbered Exercises A-65

 71. Absolute maximum: 28 at (0, 4); absolute minimum: 





 Chapter 15: Answers to Odd-Numbered Exercises A-67

 13. 12

  
12
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SECTION 15.6, pp. 925–927

 1. x = 5>14, y = 38>35  3. x = 64>35, y = 5>7

 5. 
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A-74 Appendices: Answers to Odd-Numbered Exercises

APPENDIX 7, pp. AP-33–AP-34

 1. (a) 14 + 8i (b) -7 - 4i (c) -5i

 3. (a) By reflecting z



AI-1

Applications Index

chip lifetime, 509, 511xCobb-Douglas producatio funcatio, 866xcost, 128





I-1

Subject Index

Abscissa, AP-10

Absolute change, 170

Absolute convergence, 597–598

Absolute Convergence Test, 598

Absolute extrema, finding, 184–185

Absolute (global) maximum, 183–184, 853–855

Absolute (global) minimum, 183–184, 853–855

Absolute value

definition of, AP-4–AP-5, AP-29

function, derivative of, 144



I-2 Subject Index

Base a

of cylinder, 314

of exponential function, 390–391

logarithms with, 393

Bendixson’s criterion, 998

Bernoulli, Daniel, 184

Bernoulli, Jacob, 540

Bernoulli, Johann, 143, 407

Binary search, 439–440

Binomial series, 635

Birkho�, George David, 293

Bolzano, Bernard, 126

Boundary points, AP-3

finding absolute maximum and minimum 

values, 853–855

for regions in plane, 794

for regions in space, 796

Boundary value problems, 17-6

Bounded functions, 100

Bounded intervals, 6

Bounded regions

absolute maxima and minima on, 853–855



 Subject Index I-3de�nition of, 248, 265–267, 285

evaluating, 285

evaluation of, by parts, 457

existence of, 266–267



I-4 Subject Index

Displacement

definition of, 124, 253

versus distance traveled, 253–254, 283

Display window, 29–32

Distance, in plane, AP-13–AP-15

Distance traveled

calculating, 251–253

versus displacement, 253–254, 283

total, 253, 283

Distributive Law

proof of, AP-34–AP-35

for vector cross products, AP-34–AP-35

Divergence

of improper integrals, 498

to infinity, 566

limits and, 500

to negative infinity, 566

tests for, 500–502

of vector field, 989–991, 1031–1032

Divergence Theorem

for other regions, 1037–1038

for special regions, 1035–1036

statement of, 1032

Domain



 Subject Index I-5

exponential (See Exponential functions)

extreme values of, 183–188, 849–853

gradient of, 833

graphing with software, 29–32graphieatest intrem3s62(ger)4000086(, 5TJ
(g[(grapo)22.9789(w sorieat4.9ft436–438TJ
(g[(grHessi)791842al n4.9unctions�.9u)8..991424(o)24.001 54re,i)791880al bles83351TJ
(g[(grh)0012586(yperbol)2991874(ic()]TJ
/R3485 8.00002 Tf
4138.6641 Td
(See )Tj
/R771 8.00002 Tf
13.1042 0 Td
[(ExHyperbol)22m3s28e functions))]TJ
-11.6832 -9.6001 Td
[idnentty)664.0180867e, 4–264.964.102–438TJ
(g[imprbol)2121s28itly defined)8.18–15w)88262



I-6 Subject Index

Identity function, 7, 46, 1028

Image, 939

Implicit di�erentiation

Chain Rule and, 826–828

formula for, 826

technique for, 148–151

Implicit Function formula, 1004

Implicit Function Theorem, 826

Implicitly defined functions, 148–151

Implicit surfaces, 1003–1006

Improper integrals, 494

calculating as limits, 495–497, 501–502

with a CAS, 499–500

convergence of, 500

of Type I, 495

of Type II, 498

Incompressible liquids, 991

Increasing function, 5–6, 197–198

Increments, AP-10–AP-13

Increment Theorem for Functions of Two  

variables, 818, AP-37–AP-38

Indefinite integrals

definition of, 236–237, 389

evaluation with substitution rule, 290–294

Independent variable of function, 1, 792

Indeterminate form 0/0, 407–409

Indeterminate forms of limits, 407–411, 

638–639

Indeterminate powers, 411–412

Index of sequence, 564

Index of summation, 259

Inductance, 17-19

Induction, mathematical, AP-6–AP-9

Inequalities

rules for, AP-1

solving of, AP-3–AP-4

Inertia, moments of, 920–922



 Subject Index I-7





 Subject Index I-9



I-10 Subject Index

Rise, AP-11

r-limits of integration, 902, 930

Rolle, Michel, 191

Rolle’s Theorem, 191–192

Root finding, 79





I-12 Subject Index

Transformations

Jacobian of, 945, 947

linear, 941

of trigonometribfiaphs, 26–27

Tpezoidal Rulens



 



T-1

Basic Forms

 1.  Lk dx = kx + C, k any number  2.  L  xn dx =
xn + 1

n + 1
+ C,  n ≠ -1

 3.  L  

 

















Trigonometry Formulas

Definitions and Fundamental Identities

Sine: sin u =
y
r =

1
csc u

Cosine: cos u =
x
r =

1
sec u

Tangent: tan u =
y
x =

1
cot u

Identities

sin







Limits

General Laws
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